In this paper we extend Hardy's nonlocality proof for two spin-1/2 particles [L. Hardy, Phys. Rev. Lett. 71, 1665 (1993 ] to the case of n spin-1/2 particles configured in the generalized GHZ state. We show that, for all n ≥ 3, any entangled GHZ state (including a maximally entangled one) does exhibit Hardy's nonlocality. It turns out that the maximal amount of violation of the Bell inequality associated with the Hardy experiment decreases exponentially with n, the maximal violation of local realism occurring for the maximally entangled state of three particles. Classical behaviour, however, only emerges in the limit of a truly infinite number of particles.
In [1] Hardy has given a proof of nonlocality without inequalities for two particles that only requires a total of four dimensions in Hilbert space. Shortly after the publication of this work, Pagonis and Clifton [2] extended Hardy's theory to the case of n spin-1/2 particles. However, all these proofs are only for particular entangled states. Later on, Hardy showed that, actually, the proof in [1] can be carried out for any entangled state of two spin-1/2 particles except maximally entangled states [3] . The converse of this result has been proved by Jordan [4] : for any choice of two different measurement possibilities for each particle of a system of two spin-1/2 particles, a state can be found which admits Hardy's nonlocality. A simpler proof of this latter statement has been provided by Mermin [5] and Kar [6] . Kar also extended the converse of Hardy's result to a system of n spin-1/2 particles [7] .
Wu and Xie [8] , on the other hand, demonstrated Hardy's nonlocality theorem for almost all entangled states of three spin-1/2 particles by using a particular type of relationship among the coefficients of the given quantum state (see Eq. (24) of [8] ). Subsequently, Ghosh et al. [9] proved Hardy's nonlocality for all really entangled states of three spin-1/2 particles, and Wu et al. [10] developed a Hardy-type nonlocality proof for the special case of three spin-1/2 particles in a maximally entangled GHZ state [11] . In the present paper we extend Hardy's original proof of nonlocality for two spin-1/2 particles [3] to the case of n spin-1/2 particles in the generalized GHZ state (see Eq. (1) below). It is shown that, for all n ≥ 3, Hardy's nonlocality argument goes through for any entangled GHZ state, including a maximally entangled one. This contrasts with the case of n = 2 particles, in which no maximally entangled state can exhibit Hardy's nonlocality. At any event, as we shall see, the maximal amount of violation of the Bell inequality associated with the Hardy experiment decreases exponentially with n. Nonlocality, however, remains manifest as n → ∞. It is only when the number of particles becomes strictly infinite that the nonlocality argument breaks down. It will be shown that, for the Hardy experiment and for the class of states considered, the maximal discrepancy between the notion of local realism and quantum mechanics is obtained for the maximally entangled state of three particles.
Consider n spin-1/2 particles (n ≥ 2) in the generalized GHZ state given by
where {|v k , |w k } is an arbitrary orthonormal basis in the state space of the kth particle, k = 1, 2, . . . , n. Without loss of generality, it will be assumed that α and β are taken to be real and positive, with α 2 + β 2 = 1. Now consider the physical observables U k and D k with corresponding operatorsÛ
The eigenvectors |u ± k and |d ± k are related to the original basis vectors |v k and |w k by
For a given quantum state (1), the observables U k and D k are required to satisfy the following conditions (so-called Hardy's nonlocality conditions) [7, 8, 9] :
where, for example, P (D 1 U 2 U 3 . . . U n |+++. . . +) denotes the probability that a joint measurement of D 1 , U 2 , U 3 , . . . , U n , on particles 1, 2, 3, . . . , n, respectively, gives the outcome +1 for each of them. The nonlocality argument based on the above (n + 2) equations is as follows [7, 8, 9] . From the first n equations of (6), we can deduce the following n statements: (1) If D 1 , U 2 , U 3 , . . . , U n are measured, then necessarily
. . , U n are measured, then necessarily
In addition to this, from the last equation of (6), we get the (n + 1)th statement: there is a nonzero probability of obtaining the results U 1 = U 2 = . . . = U n = +1 in a joint measurement of U 1 , U 2 , . . . , U n . Now, assuming that the particles are space-like separated and by combining the above (n + 1) statements with the assumption of local realism, we are led to conclude that there is certainly a nonzero probability to obtain the results D 1 = D 2 = . . . = D n = −1. But this contradicts the (n + 1)th equation of (6) . Not surprisingly, the following Bell-type inequality can be derived which involves the (n + 2) probabilities appearing in (6):
Thus if the GHZ state (1) satisfies all the conditions in (6), it will automatically violate the Bell inequality (7) . Let us search for the constraints imposed by the fulfillment of the Hardy's nonlocality conditions. In the first place it will be noted that, in order for the first n probabilities in (6) to vanish, it is necessary that
for some integers m i = 0, ±1, ±2, . . . (i = 1, 2, . . . , n). From (8), we immediately get
On the other hand, in order for the (n + 1)th probability in (6) to vanish, the sum γ 1 + γ 2 + . . . + γ n must equally be an integer multiple of π. So, in view of (9), this can be accomplished by taking
for some integer m n+1 = 0, ±1, ±2, . . . . Thus, Eq. (9) can be written as
For the choice of phases in (8) , it is readily shown that the vanishing of the first n probabilities in (6) is equivalent to the fulfillment of the following n conditions: tan β 1 tan α 2 tan α 3 . . . tan α n = (−1) m 1 +1 (α/β), tan α 1 tan β 2 tan α 3 . . . tan α n = (−1) m 2 +1 (α/β), tan α 1 tan α 2 tan β 3 . . . tan α n = (−1) m 3 +1 (α/β), . . . . . . . . . (12) tan α 1 tan α 2 tan α 3 . . . tan β n = (−1) mn+1 (α/β).
Analogously, for the choice of phases in (11) , the vanishing of the (n + 1)th probability in (6) is equivalent to having tan β 1 tan β 2 . . . tan β n = (−1) m 1 +...+mn−m n+1 +n+1 (β/α).
Multiplying all n equations in (12), we obtain
and using (13) in (14), we obtain
Now, assuming without loss of generality that 0 ≤ α k ≤ π/2 for each k, it turns out that the constraint in (15) can be satisfied by all n by taking m n+1 to be m n+1 = +1, for all n,
so that,
The choice in (16) is essentially unique in the following sense. In the first place, as is clear from (15) , m n+1 must be an odd integer if the constraint (15) has to be fulfilled for n odd. This is so irrespective of the values taken by the variables α k . Furthermore, for 0 ≤ α k ≤ π/2, m n+1 must equally be an odd integer in order that the constraint (15) can be fulfilled for n even. The choice m n+1 = +1 then arises from the fact that, for a given quantum state (1) and for given values of the variables α k , it gives a maximized probability P (U 1 U 2 . . . U n | + + . . . +), as can easily be verified from Eq. (10) and Eq. (19) below. Thus, putting m n+1 = +1, the constraint (15) becomes
for both n odd and n even, and for 0 ≤ α k ≤ π/2. Let us look at the last probability in (6) (which we rewrite as P n for brevity). Explicitly, it is given by 
Clearly, the probability function (19) remains unchanged under the interchange of any pair of variables α i and α j . This means that, in the configuration space spanned by the set of variables {α k }, the points giving an extremum value of P n must fulfill the condition that α 1 = α 2 = . . . = α n . So, in what follows we assume that the variables α k are taken such that α 1 = α 2 = . . . = α n ≡ α 0 . The constraint in (18) then reads
Thus, taking into account the relations in (17) and (20), we find
where p = 2(n + 1)
For the first n = 2, 3, 4, 5, P n is given by 
Alternatively, we can express P n as a function of n and the ratio x = α/β as
The function in (28) is represented graphically in Fig. 1 for the case n = 2, whereas it is plotted in Fig. 2 for the cases n = 3, 4, 5, 6. For concreteness, and without loss of generality, we have assumed that α ≤ β in representing (28). (Please note that expression (28) remains invariant under the transformation x → 1/x, so that the plot of P n (α/β) for α ≥ β looks exactly like the plot of P n (β/α) for α ≤ β.) A few additional remarks are in order regarding the probability function P n . Firstly, for n = 2, it reduces to that obtained by Hardy for two spin- Fig. 2 . Plot of P n for n = 3, 4, 5, 6. For each n ≥ 3, P n reaches its maximum value for the maximally entangled state, α/β = 1.
of [3] ), the function P 2 being equal to zero whenever α = β. Secondly, for n ≥ 3, it is easily seen from (21) that P n > 0 for all values of α and β, except for α = 0 or β = 0. Thus we have proved that any entangled GHZ state of three or more particles (including a maximally entangled one) can exhibit Hardy's nonlocality. Indeed, for each n ≥ 3, it can be shown that P n reaches its maximum value for the maximally entangled state (see Fig. 2 ). So, putting x = 1 in (28), we find
From (29), we can see that P max n (n ≥ 3) decreases exponentially with n. It should be noticed, however, that P max n (n ≥ 3) or, more generally, the probability P n remains finite for a finite number of particles, with classical behaviour only emerging discontinuously in the (unrealisable) limit of an infinite number of particles [2, 12, 13] . On the other hand, the absolute maximum value of P n is equal to 12.5%, which is realized for the maximally entangled state of three particles [cf. Eq. (29)]. We note, incidentally, that this value agrees with that obtained in Refs. [9] and [10] for the particular case of three spin-1/2 particles in a maximally entangled GHZ state.
We conclude by noting a surprising result recently discovered byŻukowski et al. [14] (see also [15] ) according to which for all n odd and for αβ ≤ 1/ √ 2 n+1 the correlations between the results of the measurements on n particles in the generalized GHZ state (1) satisfy all possible Bell inequalities for n-particle correlation functions, which involve two alternative dichotomic observables per particle. Seemingly, this result contradicts our finding that, for all n odd, the Bell inequality (7) can be violated by any entangled state (1) . The explanation for this apparent contradiction stems from the fact that, actually, probability is the fundamental concept in any Bell experiment, and not the correlation function, so that one can derive correlations from probabilities, but the converse is not always possible [16] . It is therefore concluded that the Bell inequality (7) cannot be obtained from any standard Bell inequality for correlation measurements, in which local observers can choose between two dichotomic observables.
